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Optimum definition of true strain beneath a spherical indenter
for deriving indentation flow curves
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Abstract

Several methods have been suggested for deriving indentation flow curves using the instrumented indentation technique, in which true stress
and true strain are defined with indentation parameters. The definition of true stress is nearly the same in all methods, but the definitions of true
strain fall into two categories, sine function and tangent function. We adopted the work-hardening exponent to determine the definition appropriate
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n obtaining accurate indentation flow curves. The work-hardening exponent was proven to be affected only by the definition of true strain and
ot by other parameters when the effect of real contact depth was eliminated using finite element analysis. The sine function yields too large
ork-hardening behaviors for materials that obey power-law work-hardening, but the tangent function evaluates them accurately. The definition
ased on the tangent function was thus determined to be more appropriate in deriving the indentation flow curve.
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. Introduction

The tensile properties of materials, primarily yield strength,
ensile strength and work-hardening exponent, are generally
onsidered the most important properties, and the uniaxial ten-
ile test is considered the most reproducible and reliable test.
owever, its limits on specimen size and the disadvantages of
destructive test method make the uniaxial tensile test inap-

licable to micromaterials and materials in service. The instru-
ented indentation technique was devised to overcome these

eficiencies. Since the instrumented indentation technique is
ondestructive, can be performed on very limited local areas,
nd has no restrictions on specimen size and shape, it has a very
igh potential for extensive in-field use.

Various mechanical properties can be derived from the
oad–depth curve, which records the continuous variation of
ndentation depth with load applied by an indenter of specific
hape. At an early stage this method yielded only elastic mod-
lus and hardness [1,2]; now, however, it has been extended

∗

to produce residual stress [3,4], viscoelasticity [5,6], fracture
toughness [7], and indentation tensile properties [8,9]. In addi-
tion, methods for evaluating indentation tensile properties have
been applied to materials in service [10], and the standards orga-
nizations (ISO and ASTM) are developing standards for such
tests. However, researchers still are not agreed on the defini-
tion of true strain, which is essential in evaluating indentation
tensile properties. Though several definitions have been sug-
gested [12,16], the two generally used are based on sine function
and tangent function. This study compares the differences and
physical meanings of these two definitions and uses the work-
hardening exponent to determine an optimum definition.

2. Theoretical analysis

2.1. Derivation of indentation tensile properties

Indentation test methods generally obtain tensile properties
using the algorithm in Fig. 1; though the details in each step can
differ, the schematic flow is very similar [8,9]. First, an instru-
mented indentation test is performed with a spherical indenter
Corresponding author. Tel.: +82 2 880 8404; fax: +82 2 886 4847.
E-mail address: purelife@snu.ac.kr (E.-c. Jeon).

and produces a load–depth curve. Since this curve does not
include the effect of elastic deflection and plastic pile-up for

921-5093/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
oi:10.1016/j.msea.2005.12.012



E.-c. Jeon et al. / Materials Science and Engineering A 419 (2006) 196–201 197

Fig. 1. General algorithm for derivation of indentation flow curve.

a contact morphology, the indentation depth must be calibrated
to the contact depth. Next, the calibrated load–depth curve is
used to calculate true stress, a function of contact depth and
load, and true strain, a function of contact depth. When these
are put into a constitutive equation, a final true stress–true strain
curve (indentation flow curve) is drawn.

Different indentation flow curves are obtained from the same
load–depth curve if different equations and concepts are used at
each step. In particular, the flow curve clearly depends strongly
on the definition of true stress and true strain, the two compo-
nents of the flow curve, and the way in which they are defined
is a major factor in whether or not the indentation flow curve
agrees with the uniaxial tensile curve.

2.2. Definition of true stress

Materials experience three deformation stages during spheri-
cal indentation [11]: in the elastic stage, deformation can be fully
recovered if the load is removed; in the elastoplastic stage, plastic
deformation occurs under the indenter; finally, in the fully plastic
stage, the plastic deformation zone expands to the surface of the
material. Since the instrumented indentation technique is usu-
ally performed over several hundred N for indentation load and
hundreds of �m for indenter radius, the elastic and elastoplastic
stages are very difficult to detect. Therefore, in the instrumented
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Fig. 2. Schematic diagram of deformation behavior during spherical indentation.

2.3. Definition of true strain

Definitions of true strain are of two kinds, as suggested by
Tabor [12] and Ahn and Kwon [8]. After observing residual
indentations made by a spherical indenter on various metals,
Tabor proposed an experimental definition of true strain using
the sine function:

ε = K1

(ac

R

)
= K1 sin γ (2)

where K1 is generally taken as 0.2, R is the indenter radius,
and γ is the half-angle between the indenter and the material;
this definition has been widely used in similar work. However,
the maximum strain must be constrained under K1 (generally
0.2) due to the limitation of the sine function, and this makes it
difficult to evaluate the indentation flow curves of ductile metals.

On the basis of the deformation shape and strain distribution
under a spherical indenter, Ahn and Kwon [8] proposed a new
definition using the tangent function. The displacement along the
depth axis under the indenter, uz, can be expressed geometrically
as:

uz = h − (R −
√

R2 − r2) (3)

here R is the indenter radius and r is a radius at any point on the
depth axis (Fig. 2). The shear strain is derived by differentiating
t
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ndentation technique only the fully plastic stage is considered
n calculating the true stress [8].

It is well known that the relationship of true stress (σ) and
ean pressure (Pm) can be expressed as [12]:

=
(

1

Ψ

)
Pm =

(
1

Ψ

)(
P

πa2
c

)
(1)

here Ψ is a plastic constraint factor, P is the load, and ac
s the contact radius between the indenter and the material.

ost research on the indentation flow curve has used this def-
nition of true stress. However, the plastic constraint factor
as been regarded as a material-independent constant [12] or
s a function of the work-hardening exponent [13,14]. In this
tudy, a constant value of 3.0 was used for the plastic con-
traint factor, as verified by finite element analysis of various
aterials [15]; this value is also in accord with slip-line field

heory [21].
he displacement in the depth direction. The maximum shear
train is obtained at r = ac and Ahn obtained the true strain by
sing an adjustment constant:

=
(

α√
1 − (ac/R)2

)(ac

R

)
= α tan γ (4)

he adjustment constant was determined as 0.14 independent of
aterial properties by finite element analysis for various mate-

ials [15]. This definition covers a large range of true strain,
lthough it also contains the contradiction that maximum strain
s infinite when ac = R. However, the experiment is generally
nished by the time ac reaches 0.6R.

The flow curves should vary according to the definitions of the
rue strain even when the same load–depth curve is used. There-
ore, the definition of true strain must be verified by excluding
he parameters within that definition.
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2.4. Verification of true strain definition

Two kinds of parameters can affect the indentation flow curve
in addition to the definition of true strain. The first is the con-
tact depth, which is essential for calculating true stress and true
strain in Eqs. (1), (2) and (4). Because of elastic deflection and
pile-up, the contact depth is not same as the depth measured
by a displacement sensor, as shown in Fig. 2. It is important
to observe the deformation around the loaded indenter while
measuring the contact depth. Generally, the elastic deflection
can be calibrated by the equation suggested by Oliver and Pharr
[2]; the pile-up, however, is very difficult to calibrate and there
is no generally accepted equation for doing so. Finite element
analysis is widely used to overcome this problem: researchers
can measure the contact depth in a loaded state using the defor-
mation morphology produced by a finite element analysis tool
[16,17], and thus no calibration equation is needed. Moreover,
finite element analysis allows one to vary the mechanical prop-
erties at one’s convenience, which is very useful in studying the
effects of mechanical properties on a certain parameter.

The other parameters that affect the indentation flow curve are
the plastic constraint factor in Eq. (1) and the constants in Eqs.
(2) and (4). It is very clear that these change the indentation flow
curve since they are directly related to true stress and true strain.
In this study, the work-hardening exponent was used, which is
affected not by them but by the definition of the true strain. The
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Fig. 3. Mesh and boundary conditions in finite element analysis for spherical
indentation. A friction coefficient of 0.3 between indenter and materials was
used.

Table 2
Mechanical properties of imaginary materials used in finite element analysis

Elastic modulus,
E (GPa)

Yield strength,
YS (MPa)

Work-hardening
exponent, n

200 200 0.100
200 400 0.100
200 600 0.100
200 800 0.100
200 200 0.200
200 400 0.200
200 600 0.200
200 800 0.200
200 200 0.300
200 400 0.300
200 600 0.300
200 800 0.300
200 400 0.400
200 800 0.400
200 400 0.500
200 800 0.500

measured by the ABAQUS postprocessor. From these results,
the indentation flow curves were obtained according to the pro-
cedure in Fig. 1.

4. Results and discussion

4.1. Verification of finite element analysis

Generally, the load–depth curve is a criterion for the applica-
bility of a finite element analysis to an instrumented indentation
etails are discussed in Section 4.3.

. Finite element analysis

An axisymmetric two-dimensional finite element analysis
as performed by a commercial program, ABAQUS finite ele-
ent code. The specimen mesh was 3738 four-node bilinear

xisymmetric elements, as shown in Fig. 3. A fine mesh was set
p near the indenter while a coarser mesh was used far from the
ndenter in order both to reflect the local deformation behavior in
he indentation test and to save simulation time. Specimen size
as set at 100 mm, large enough to avoid any boundary-induced
eformation restrictions. The indenter was assumed perfectly
igid. Other conditions were the same as those in actual experi-
ents [8]. Twenty-five materials, nine real steels (Table 1) and

6 imaginary materials (Table 2), were analyzed. The loading
nd unloading curves were generated and the contact radius was

able 1
echanical properties of real materials used in finite element analysis

aterials Elastic modulus,
E (GPa)

Yield strength,
YS (MPa)

Work-hardening
exponent, n

PI X65 204 452 0.154
P 203 764 0.124
A508 202 638 0.138
CM440 207 592 0.160
CM415 199 290 0.206
K4 209 336 0.266
TD11 215 243 0.246
TD61 211 349 0.306
KH51 246 263 0.232
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Fig. 4. Comparison of indentation loading curves from an experiment and a
finite element analysis (SCM415).

technique. The near-identity of the two load–depth curves in
Fig. 4, one obtained from an actual experiment and the other from
finite element analysis, suggests that our finite element analy-
sis model was very reasonable and reflected experiments very
well. For the nine real steels the two curves were very consistent
with one another. In the simulation deformation morphology,
pile-up is seen around the indenter. Pile-up occurs in plastic
deformation because, since there can be no volume change dur-
ing deformation, deformed material piles up around the indenter
during penetration. Pile-up makes the contact depth greater than
the indentation depth measured by a displacement sensor, and
is more severe in less work-hardened material [16]. This same
phenomenon was observed in our finite element analysis for
materials with low work-hardening exponent.

4.2. Derivation of indentation flow curve

The finite element analysis yields the contact depth and the
contact radius, which includes the pile-up and elastic deflec-
tion. The contact radius was used in calculating true stress (Eq.
(1)) and true strain (Eqs. (2) and (4)). Each true stress and true
strain was inserted into the constitutive equation (the Hollomon
equation [19]):

σ = Kεn (5)
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Fig. 5. Comparison of flow curves from tensile tests and finite element analysis
for: (a) a real material (SCM415) and (b) an imaginary material (E = 200 GPa,
YS = 400 MPa, n = 0.200).

in Eqs. (2) and (4), respectively. The work-hardening exponent
fits this condition.

4.3. Derivation of optimum strain definition based on
work-hardening exponent

The work-hardening exponent, the exponent in the plastic
constitutive equation (Eq. (5)), indicates hardening during plas-
tic deformation; it is well known to be an important factor in the
amount of pile-up in spherical indentation [18]. Since the cali-
bration equation for pile-up is expressed by the work-hardening
exponent, its exact evaluation is very important in calibrating
contact depth. Generally, plastic deformation occurs from the
yield strength to the tensile strength in a tensile test. The work-
hardening exponent is defined as the slope of Eq. (6), where
logarithms are used for the axes of true stress and true strain in
this range [20]:

logσ = logK + n logε (6)

the same method is used in indentation tests when true stress is
obtained from Eq. (1) and true strain from Eqs. (2) or (4). If kΨ
is used in Eq. (1) instead of Ψ (k can be any positive number),
here K and n are the strength coefficient and work-hardening
xponent, respectively. All the materials used here for finite ele-
ent analysis obey this equation.
The derived indentation flow curves for SCM415 and one of

he ideal materials are presented in Fig. 5. Tabor’s indentation
ow curves have lower stresses than Ahn’s curves below strains
f about 0.10 and similar or higher stresses above about 0.10, so
hat Tabor’s curve has a greater slope than Ahn’s. Ahn’s curves
gree with the tensile curves better than Tabor’s curve. However,
udging which curve is better merely by looking at the graphs
ay be misleading. We need a quantitative physical criterion

hat is a variable only of the strain definition and not of K1 and α
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Fig. 6. Work-hardening exponents derived by tangent function and sine function.

Eq. (6) becomes:

logσ = (logk + logK) + n logε (7)

this equation indicates that the linear curve shifts parallel to
the stress axis and the slope does not vary. This means that the
work-hardening exponent is constant regardless of the plastic
constraint factor. A similar concept can be used for α and K1
in Eqs. (2) and (4). The constants shift the linear curve parallel
to the true strain axis, so that the work-hardening exponent is
unchanged. Since this exponent depends only on the functions
in the true strain definitions, not on the constants in these defi-
nitions, it can be used to determine the appropriate function for
the true strain definition.

The work-hardening exponents derived from each strain def-
inition are shown in Fig. 6. The two definitions have similar
accuracy below values of 0.2 for the work-hardening exponent:
the tangent function underestimates a little and the sine func-
tion overestimates a little. However, the sine function overesti-
mates severely above 0.2, while the tangent function produces
accurate values. Only the tangent function describes the work-
hardening exponent accurately over a large range. Since the
work-hardening exponent represents the curvature of the flow
curve, its accurate determination is essential in deriving accu-
rate indentation flow curves. Thus the tangent function is more
appropriate in predicting the indentation flow curve than the sine
f
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Fig. 7. Variation of strain with indentation depth for tangent function and sine
function.

Fig. 8. Comparison of differential values of true stress for tangent function and
sine function (SCM415).

at large depths, as seen in Fig. 8. The differential value of the
true stress has a similar physical meaning to the work-hardening
exponent. The sine function has much larger differential values
than the tangent function, and this induces overestimates in the
work-hardening exponent. Therefore, the tangent function is the
optimum definition for deriving the indentation flow curve of
power-law work-hardening materials.

5. Conclusions

Two definitions of true strain have been used in the instru-
mented indentation technique, one based on a sine function and
the other on a tangent function:

ε = K1

(ac

R

)
= K1 sin γ,

ε =
(

α√
1 − (ac/R)2

)(ac

R

)
= α tan γ
unction.
This difference can be explained by the behavior of the two

unctions. In general, they have similar values at low angles,
nd indeed are often taken as identical there. However, the sine
unction increases slowly to 1 at high angles while the tangent
unction goes rapidly to infinity. Fig. 7 presents the true strains
alculated by Eqs. (2) and (4) when the indenter radius, α and
1 are 0.25 mm, 0.14 and 0.2, respectively. Generally, the flow
urves of materials that obey Eq. (5) show a slow increase in
rue stress in the high-strain range. The sine function shows a
low increase in true strain at large depths, which can mean high
ngle and high true strain. Since the increase in true stress is
ame for the two definitions, a much greater increase in true
tress is observed in the sine function than the tangent function
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The work-hardening exponent was used to evaluate the accu-
racy of the two definitions. The tangent function evaluates
the work-hardening exponent accurately over a large range for
materials that obey power-law work-hardening, while the sine
function generally overestimates. Therefore, the instrumented
indentation technique can produce indentation flow curves as
accurate as those produced by a uniaxial tensile test when tan-
gent function is used in the true strain definition.
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