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Analysis of Non-equi-biaxial Surface Residual Stress through
the Modeling of Shape Shifting in Instrumented Indentation Curve

Yun-Hee Lee, Jeong-hyun Jeong, Joo-Seung Park* and Dongil Kwon

School of Materials Science & Engineering, Seoul National University, Seoul 151-742, Korea
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Abstract : Non-destructive instrumented indentation is proposed as a promising alternative of the conventional
stress-measuring methods based on already-reported its sensitivity to applied stresses. In this study, we tried to
expand the current indentation model on equi-biaxial stress to the characterization of general surface stress in non-
equi-biaxial state. A contribution of the surface stress on indentation plasticity was theoretically extracted from the
non-equi-biaxial stress matrix. And, a newly derived stress equation was expressed as a multiple of stress non-equi-
biaxiality and residual-stress-induced normal load. An experimental tests for confirming the model were also
conducted on artificially strained API X65 steel plate, and produced the non-equi-biaxiality factor consistent with that
from theoretical analysis.

(Received March 25, 2003)

Key words : Residual stress, Instrumented indentation, Curve shifting, Stress-proportional factor, Stress-
directionality coefficient
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�PU� �<� ���� RSUF< '�)WFX4), � TU�
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� YZ ���� {|� ņ̃ 
ê ��
� ]ÞÕ4 2J ��

��� wZ* }~�P� åæ� 34� n¹
C1 
¦L. ]

ÞÕ4 2J ���� 8n \ hpä� ò σres,xx σres< 	y

:| σres,y� ��]ó.1(stress-proportional factor). kx k

~
� kσres< áô* Ã G �L. -1.0�( +1.0 È�� õ�

x �� k .1x 9*�B| LMN ]ÞÕ4 2J �����

{YÃ G �FX, k ä� -1.0, 0 = +1.0. ��2� �Gb

I, 1J ��, ÞÕ4 2J ����< ö÷ {YÃ G �L. 7
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 
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\
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¼|,

Acs �� σ� 9*x �� }~
\� 2º7l f�,. 1º

7F< 	y
F<£ 7 (5)< ]ÞÕ4 2J ���� ¥�7�

¤k)WL. Ω� R2 +(R1−R2L0) +(R0−R1L0)LT−R0L0�

X R2, R1 = R0� 
¼|,� }~
\� 2º7F< {YÃ

�� wG2�X, ® V��(� 7 (5)� wG. 3/(1+k)x �

�Õ48 wG(stress-directionality coefficient)< S�
¦L. 1

J = ÞÕ4 2J ����� p�
� ��]ó.1 ä. 0l

1.0� 7 (5)� p~
| ���� ¥�7� f³ V�4,8)�(

¤k¬ 72l áæ
X, Ó �� ��� p�
� �� Õ48

wG� �� 3l 1.5< ¯��L.

(5)

�� 
� ��

�1� �t(cruciform specimen)� ]ÞÕ4 2J {|��

( , )� .�
T �N ÑÒZæx d� 2s m

� CÄ
¦L. �1� �t� ããÃ G �k� �(groove)�

�8N �' = 
' ãd È�� ��ÓÔ���� �� 20�

15�160 mm. �t� Z�
C ãdÅ�	È(jig jointing

screw)x �^
� CS
¦L. �¾ �t� M �I� �8¬

	È��F< Tw, 
\� .�Ã G �� 	È(specimen

bending screw)x ���jF<£ �t� ÑÒ��� ¤���L.

�t ÑÒ^ 	Èx �' �� 
' ãd� k~¢� z% �

t \�'�� �� .Z = }J ��� �8)X, 	È� k

L0 LT Lres
bi+ LT d

LT

L0

∫ Lres
bi+= =

LT
1 k+

3
---------- d

LT

L0

∫ σ Ac⋅( )–=

LT
3 LT

2

σres
3

1 k+( )
---------------

Lres
bi

2

Ω
--------=

σx σy 0≠ ≠ σz 0=

Fig. 1. Non-uniform deformation morphology around contact
formed by spherical indentation on pre-existing non-equi-biaxial
stress state.

Fig. 2. Stress-generating jig for simulating the general surfa
stress on a cruciform specimen.
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~½�x ö÷¢� z% .���� ±Tx �hÃ G �L. �t

\�'x �C� ��
� |& 9�(out of plane deformation)

� ��*�B� [�� ©8 ÑÒ��� ��� bö
T �


� d� 2� �� ãã'(curved supporting part)x CÄ
¦

C, ÑÒ 9�¬ �t \�� }~
\� .�Ã � ��
�

.���� þ*x ��*
T �
� ãd Å�	Èx :'s

&'� �� 4c  �æ
C 15 mm� ¾� �t� �̂ 
¦L.

�1� �t� { 1� �8l Tw, �8� �� API X65

�ª^ ���( !"
¦C, 600oC�( 2�» [Ä �#èN

$ a%
� :'� ��
� ����� ¿À
¦L. 1000̧

È&< V'¬ �t {|� 2J ()*. ê�ãx '�
� d

� 2� ÑÒãd� Z�N $ �t ÑÒ̂  	Èx +Ê LMN

©8 9�¡� ÚWL. Tresca Au�, �

,̂ 
� ©8Nk :� ��� .�
¦C, -{ 9�¡� kö

Ã �úã ]p.,. �t� ��� ÎT �
� �t MI�

/ 50µε� ��N ÑÒ9�¡ Iw< Ý̧ ,F< 9�� 5�

��L. .�¬ ©8 9�¡� �t {|� '�N ()*. ê

�ãx �̂ 
� RS
¦C, �'ãd \�� �æN }~��

(indenting hole)� �_ wZ* }~�P� G³¢F<£ LMN

{| �� ��� p�
� }~�f� �8
¦L. 

d� 3l m� Vickers }~1x '�N �ç0(È� AIS

3000R� �^
� 0.2 mm/min� }~�k< ]ÞÕ4 2J �

�� .�¬ �t� wZ* }~�P� G³
¦L. ���� R

S  ̂wZ* }~�PT. AIS 3000R� �p 
\l �[À÷

� �� 980 Nl 30 mm�X, 
\ = 9� n_�� 0.98

Nl 0.1µmx �C �L. .���� ¤ð� ªw1� }~�P

�,� [á
k� ð�� �tk ÑÒãd� 2Ê3C wZ*

}~�P� o³
¦L. 98 N'  294 Núã 98 N  }~


\� 5��B|( 
\.�-¿À-�.�� È�4� �� L\

wZ* }~(multiple instrumented indentation) ÕUF< ð�

� ��� TQ }~�f� �8
¦FX, �
� }~½�� p

�
� 
¼|,� � 
\Iw�( 7 (1)� �^
� wËN


¼�8� :Æ(interpolation)
� 5R
¦L. ]ÞÕ4 2J Ñ

Ò��� .�¬ �t \�'�k 294 N� �p
\� .�


� 3g ��� wZ* }~�P� G³
� � ����� p�


� }~�f2� �8
¦L. wZ* }~�PF< Ú�o }

~�f2� \6
¦� � \�'� �æ
� �f� � ��

��x p{
� �fF< f7
� n¹� � 
̂¦L. ð��

l ��� .�¬ ���( Ú�o p{ }~
\ .��f2�

\6
� �
� }~½��( ]ÞÕ4 2J ���� ¤k G

�
\F< RS
C, 7 (1)� � 
̂� wË¬ 
¼|,� }

~
\ ��8� OP,F< ,�*
� 7 (5)� p~¢F<£

��ä� ¥�
¦L.

�� �� � ��

��� ���� �	
 ���
 ����� �� ��

�1� �t� ÑÒ� �
� �8¬ ©8 �� ��� { 2

< S÷
¦FX, d� 4�� ð�� ��� API X65 � �t

�( Ú�o L\ }~
\-9��f(TÛ �; stress-free)l 6�

ã� LMN �� ���( Ú�o }~
\ .��f2� \6


� 	y:WL. ð�� ��� }~�f2� 294 N� �p


\�( 68.7980.23µm� 9� �Y8� 	y:WC, �� ��

� }~�f2k �p }~
\�( 80.47µm �
� :ºx

	y:WL. �N ÑÒ�� ��� �t \�'� �p }~
\

� .�
;%k 9�¡ 9*� 10µε (/ 2.1 MPa� _ë) �

:< 	y<FX, �p }~½�k �t ÓÔ� 0.5% �:�

��
� }~9�� .�¬ ÑÒ��� åæ� 34� ��N

øF< §.)WL. ð�� }~�fl ]Ý
� �� ��� }

~
\ .��f2� �p,. �æx íî̀ |, ÞÕ4 2J }

J/.Z ��� p�
� �f (TÛ =; #1, TÛ >; #6)� 1

J }J/.Z ��� p�
� �f (TÛ ; #3, TÛ ;

#5)̀ L Ö�(shifting)� ±ê 	y<L. 7 (3)� ÞÕ4 2J

= 1J .���� p�
� k äF< 1.0l 0� p~_ `|

σmax σmin– σy<( )

� �

Table 1. Chemical composition and mechanical properties of API X65 steel specimen

Sample C Mn Si P S Fe Elastic modulus Poisson ratio Yield strength

API X65 wt(%) 0.08 1.45 0.31 0.019 0.003 Bal. 210 GPa 0.3 490 MPa

Fig. 3. Advanced Indentation System (AIS) 3000R coupled with
the stress-generating jig.
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ÞÕ4 2J ���� ¤k G�
\� 1J ���� ¤k G�


\� 2�¶� ? G �FX, ÞÕ4 2J .���� 1J .

���� ]_ }~ �89�� �æ� 34� ò øF< �I

Ã G �L. �N .�¬ �� σxs σy� hpä� mC, '

Û" ôp. �GbI �� ��(pure shear stress state)� }

~
\ .��f(TÛ @; #4)� ð�� ��� }~�fl þb

� \6)� { 2�( §.Ã G �A� ���� ¤k G�


\� 0F< 
�
¦L.

����� ��� ���� ���� � ! "� ��

#$% �&� '�

ð�� ��� p�
� }~
\ ¿À�f 'n2� n¹
�

�e 
\ Iw�( 
¼�8� ¥�
C { 3� 	y:WL. 


¼|,� }~
\� 2º7F< 	y:W� �, ,�* wG.

R2, R1, R0� �� 1.15�10−1, 3.50�102 = -4.15�103F<

ÅS)WL. áS }~½�x { 2� �� = ð�� ��� p

�
� }~
\ .��f ,�* 7� p~
� Ú�o }~


\ ä� º�<'  ���� ¤k G�
\� wË
C, { 3

� 	yü 
¼|,� 2º7 wG2� 7 (5)� p~
| ��

Õ48 wGx CÊ
ã BC� �� ����� ¥�Ã G �

L. { 4�� ()*. ê�ãx �^
� RSN .���l

�� Õ48� CÊ
ã BC wZ* }~�P� �
� n¹N

��æx �
 ]Ý
¦L. {|� ��
� 2J ��� �p,

. ±Ts 'Ûx CÊ
ã BC, }~JF< bö)� � ��

�� S̀ "� �̂ 
� ¥�N ��ä� .���� 'Û� ]

Ý, S§� ¥�
¦ã", S�,. |� ��(� ò º�x

	y:WL. 7 (5)x íî`| .��� σx(=σres)s wZ*

}~�P� Õ48� CÊ
ã BC ¥�N ��æ �

]<'  ��Õ48 wGx OP,F< ÅSÃ G �L. d�

Lres
bi

2 Ω⁄

Table 2. Stress-proportional factors, stress-directionality coefficients and power-law fitted loading curves of several stress
unstressed states for API X65 steel specimen

Test 
No.

Applied stress (MPa) k-value
(σy/σx)

Stress-directionality
coefficient

Fitted loading curve
Stress-induced load
at 55µm depth (N)σx(=σres) σy(=kσres)

#1 -415 -414
+1.0

(equi-biaxial)
1.5 L = 0.116h1.83 -16.7

#2 -375 -248
+0.66

(biaxial)
1.81 L = 0.162h1.79 -15.2

#3 -408 0
0

(uniaxial)
3.0 L = 0.196h1.74 -8.9

#4 -239 +231
-0.97

(pure shear)
100 L = 0.146h1.80 +0.2

#5 +414 0
0

(uniaxial)
3.0 L = 0.132h1.81 +8.6

#6 +428 +427
+1.0

(equi-biaxial)
1.5 L = 0.173h1.78 +20.9

Fitted loading curve of stress-free state: L = 0.175h1.75

Fig. 4. Superposition of representative indentation loading curves
for various applied stress states on the multiple indentation curve for
stress-free state.

Table 3. Contact properties evaluated from the unloading parts
the multiple indentation curve for API X65 specimen

Indentation
load (N)

Fitted unloading
curve

Contact depth
(µm)

98   L = 21.66(h-hf)1.55 36.6
196 L = 8.75(h-hf)2.04 54.3
294 L = 2.92(h-hf)2.53 68.1

AC=1.15×10−1L2+3.50×102L−4.15×103

Table 4. Experimental determination of stress-directionalit
coefficient by comparing analyzed stress without consideri
directionality and applied stress from strain gage

Test
No.

Applied stress
(MPa)

Stress without
directionality

/Ω(MPa)

Stress-
directionality
coefficient

#1 -415 -269.9 ± 1.9 1.54
#2 -375 -201.0 ± 10.7 1.87
#3 -408 -125.7 ± 15.8 3.25
#4 -239 +3.1 ± 24.4 77.1
#5 +414 +140.7 ± 43.7 2.94
#6 +428 +282.8 ± 65.9 1.51
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Fig. 5. Perfect agreement between experimentally determined
stress-directionality coefficient and theoretically derived one (solid
line).
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